HOMEWORK 5

MATH 3120

Unless stated otherwise, the notation and terminology below is the same used in class.

Problem 1. The goal of this problem is to prove the following theorem stated in class: Let
g.h € C2([0, L]) satisfy g(0) = g(L) = 0 = h(0) = h(L) and ¢"(0) = ¢"(L) = 0 = h"(0) =
R"(L). Then, the formal solution
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u(t,r) = Z (an cos n;c + b, sin n7lr/c ) sin ?,
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where a,, and b,, are given by
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a, = —/ g(x)sin nrr dx,
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b, = — h(z) sin nr dx,
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is a C? solution of the initial-boundary value problem

Uy — Uy = 0, in (0,00) x (0, L),

u(t,0) =wu(t,L) =0, t>0,
u(0,2) =g(z), 0 <z <L,
Ou(0,2) = h(z), 0 <z < L,

To prove the theorem, proceed as follows.

(a) Show that g and A can be extended to 2L-periodic C? odd functions on R. Call these
extensions g and h.

(b) Use D’Alembert’s formula to solve the initial value problem for the wave equation on R
with data g and h. (In class we derived D’Alembert’s formula with ¢ = 1; here you need the
formula for a general c.)

(¢) Consider the Fourier series for § and h. Plug these into D’Alembert’s formula and using
trigonometric identities arrive at the expression given by the formal solution for = € [0, L].
Observe that the boundary conditions are satisfied.

(d) In all the above, make sure that you have the correct assumptions to guarantee the
convergence of the Fourier series you employ and whatever other theorem you may need to
invoke.

Problem 2. In class we saw that if uy € C*(R) and u; € C*(R), then the Cauchy problem
for the 1d wave equation with data (ug,u1) admits a unique C? solution. What can you say
if up € C*(R) and ug € C*1(R), k > 27
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Problem 3. In class we solved the 1d wave equation for ¢t > 0. Making a change of variables
t — —t, show that we can also solve the wave equation for negative times. Conclude that
D’Alembert’s formula is valid for —oo < t < oo.

Problem 4. Let F,G € C*(R). Show that F(z + ct) + G(z — ct) is a C*? solution to the 1d
wave equation.



